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SMOOTHNESS THEOREM FOR DIFFERENTIAL BV ALGEBRAS
JOHN TERILLA
Abstract. Given a differential Batalin-Vilkovisky algebra (V,Q,∆, ·), the as-
sociated odd differential graded Lie algebra (V,Q + ∆, [ , ]) is always smooth
formal. The quantum dgLa L~ := (V [[~]],Q + ~∆, [ , ]) is not always smooth
formal, but when it is—for example when a Q-∆ version of the ∂-∂ Lemma
holds—there is a weak-Frobenius manifold structure on the homology of L
that is important in applications and relevant to quantum correlation func-
tions. In this paper, we prove that L~ is smooth formal if and only if the
spectral sequence associated to the filtration F p := ~pV [[~]] on the complex
(V [[~]],Q + ~∆) degenerates at E1. A priori, this degeneration means that a
collection of first order obstructions vanish and we prove that it follows that
all obstructions vanish. For those differential BV algebras that arise from the
Hochschild complex of a Calabi-Yau category, the degeneration of this spectral
sequence is an expression of the noncommutative Hodge to deRham degenera-
tion, conjectured by Kontsevich and Soibelman and proved to hold in certain
cases by Kaledin. The results in this paper imply that the noncommutative
Hodge to de Rham degeneration conjecture is equivalent to the existence of
a versal solution to the quantum master equation. At the end of the paper,
some physical considerations are mentioned.
1. Introduction
An odd differential (Z or Z/2) graded Lie algebra (V,Q, [ , ]) is smooth formal if
and only if there exists a versal solution to the Maurer-Cartan equation; that is, a
degree zero solution
Γ =
∑
γit
i + γijt
itj + γijkt
itjtk + · · ·
to the equation
QΓ +
1
2
[Γ,Γ] = 0
where the power series coordinates {ti} are a homogeneous basis for the dual of the
graded vector space H := ker(Q)/ im(Q) and {γi} are representatives for homology
classes dual to the {ti}. The terminology “smooth formal” arises from the fact
that a differential graded Lie algebra has a versal solution to the Maurer-Cartan
equation if and only if it is quasi-isomorphic to its homology (i.e. formal) with zero
bracket (i.e. smooth). Equivalently, a differential graded Lie algebra is smooth
formal if and only if it represents a smooth point in its Maurer-Cartan moduli
space, or, if its associated deformation functor is a smooth functor.
Definition 1. A Batalin-Vilkovisky (BV) algebra is a triple (V,∆, ·) where (V, ·) is
a Z graded, commutative, associative, unital algebra and ∆ : V k → V k−1 satsifies
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∆2 = 0, and for each v ∈ V k, the operator dv defined by dv(w) = ∆(v ·w)−∆(v) ·
w − (−1)kv ·∆(w) is a derivation of degree k − 1.
We suppress the symbol for the associative product and denote the BV algebra
(V,∆, ·) simply by (V,∆) and denote v · w by vw.
Given a BV algebra (V,∆), the operation [ , ] : V k ⊗ V l → V k+l−1 defined by
[v, w] := dv(w) satisfies:
[v, w] = −(−1)(i+1)(j+1)[w, v]
[v, [w, u]] = [[v, w], u]− (−1)(i+1)(j+1)[w, [v, u]]
and
∆[v, w] = [∆(v), w] + (−1)i+1[v,∆(w)]
for v ∈ V i, w ∈ V j , and u ∈ V . Thus, the triple (V,∆, [ , ]) is an odd differential
graded Lie algebra. However, up to quasi-isomorphism, it is not a very interesting
odd dgLa as the following theorem establishes.
Theorem 1. Let (V,∆) be a BV algebra and let L = (V,∆, [ , ]) be the associated
odd dgLa. Then L is smooth formal.
We know several ways to prove this theorem. It is straightforward to produce
a versal Γ term by term. Begin with Γ1 :=
∑
γit
i where {[γi]} is a homogeneous
basis of H dual to {ti}. Then, the quadratic term Γ2 =
∑
γijt
itj must satisfy
∆Γ2 +
1
2
[Γ1,Γ1] = 0⇔ ∆γij = −
1
2
[γi, γj ].
One solution for γij is γij = −
1
2γiγj since
[γi, γj ] = ∆(γiγj)−∆(γi)γj − (−1)
|γi|γi∆(γj) = ∆(γiγj).
One solves ∆Γ3 +
1
2 [Γ1,Γ2] +
1
2 [Γ2,Γ1] = 0 ⇔ ∆Γ3 = −[Γ1,Γ2] for the cubic term
Γ3 =
∑
γijkt
itjtk and finds a solution for γijk in terms of products of γi, γj , and
γk, and so on. One finds that the cohomological obstruction to finding Γn vanishes
and one can solve for γi1...in by induction.
There is a conceptually better proof based on the following Lemma:
Lemma 1. If (V,∆) is a BV algebra and γ ∈ V 0 then
∆(γ) +
1
2
[γ, γ] = 0⇔ ∆(eγ) = 0.
Proof. For γ ∈ V 0, one has ∆(γ2) = 2γ∆(γ) + [γ, γ] and by induction
∆(γn) = nγn−1∆(γ) +
(
n
2
)
γn−2[γ, γ]
from which it follows
∆(eγ) = ∆
(
∞∑
n=0
1
n!
γn
)
= ∆(γ)
∞∑
n=1
1
(n− 1)!
γn−1 +
1
2
[γ, γ]
∞∑
n=2
1
(n− 2)!
γn−2
=
(
∆(γ) +
1
2
[γ, γ]
)
eγ .
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Since eγ is a unit, ∆(eγ) = 0⇔ ∆(γ) + 12 [γ, γ] = 0. 
Thus, to prove Theorem 1, let {γi} be representatives for a basis for H , set
Γ = log
(
1 +
∑
i
γit
i
)
=
∑
i
γit
i −
1
2
∑
ij
γiγjt
itj +
1
3
∑
ijk
γiγjγkt
itj − · · ·
from which it follows that
∆
(
eΓ
)
= ∆
(
1 +
∑
γit
i
)
= 0.
So, if an odd dgLa originates from BV data, it is smooth formal—the Lie bracket
vanishes in homology and so do all the higher Lie-Massey products, which are the
obstructions to solving the Maurer-Cartan equation.
2. Differential BV algebras and the main theorem
Definition 2. A differential BV (dBV) algebra is a fourtuple (V,Q,∆, ·) where
(V,Q, ·) is a differential graded, commutative, associative, unital algebra, (V,∆, ·)
is a BV algebra, and Q∆+∆Q = 0.
Again, we suppress the notation for the commutative associative product and
write the data of a differential BV algebra as (V,Q,∆). In this paper, we adopt the
convention that Q has degree +1 and ∆ has degree −1, since these signs match the
naturally occuring example of the Hochschild cochains of a Calabi-Yau category.
However all results hold when the degrees of Q and ∆ are either ±1, either the
same or different, or if V is only Z/2 graded.
Given a dBV algebra (V,Q,∆), one considers the bracket defined as usual using
the BV operator ∆:
[v, w] := ∆(v · w)−∆(v) · w − (−1)|v|v ·∆(w).
There are several related odd differential graded Lie algebras to consider. Disre-
garding (V,∆, [ , ]) and (V,Q+∆, [ , ]) which are always smooth formal by Theorem
1, let
L := (V,Q, [ , ])(1)
L~ := (V [[~]], Q+ ~∆, [ , ])(2)
We call the first one the classical dgLa and the second one the quantum dgLa
associated to the dBV algebra (V,Q,∆). The quantum dgLa L~ is a Lie algebra
over the ring k[[~]] where k is the ground field of the vector space V , and ~ is a
formal variable, which, using our degree conventions for Q and ∆, is assigned the
degree +2. For convenience, let
(3) K := Q+ ~∆.
We say the dgLa L~ is smooth formal as a quantum dgLa if and only if there exists
a versal solution to the quantum master equation; that is, if and only if there exists
(4) Γ =
∑
γit
i + γijt
itj + γijkt
itjtk + · · ·
satisfying
(5) KΓ +
1
2
[Γ,Γ] = 0
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where the power series coordinates {ti} comprise a homogeneous basis for the dual
of the graded vector space H := ker(Q)/ im(Q), the terms γi1···in are expanded in
powers of ~ as
γi1···in = γ
(0)
i1···in
+ γ
(1)
i1···in
~+ γ
(2)
i1···in
~
2 + · · · ∈ V [[~]],
and
{
γ
(0)
i
}
are representatives of homology classes dual to the {ti}. Note that the
smooth formality of the quantum Lie algebra L~ implies the smooth formality of
the classical Lie algebra L since a versal solution to the quantum master equation
KΓ+ 12 [Γ,Γ] = 0 maps to a solution to the Maurer-Cartan equationQΓ+
1
2 [Γ,Γ] = 0
under the projection α : V [[~]]→ V defined by setting ~ = 0.
Unlike (V,∆, [ , ]) and (V,Q + ∆, [ , ]), the smooth formality of the quantum
dgLa L~ = (V [[~]], Q + ~∆, [ , ]) and the classical dgLa L = (V,Q, [ , ]) are not
automatic, and so it is often an interesting situation when they are smooth formal.
For v ∈ V k[[~]] and w ∈ V [[~]], the relationship between the associative product,
the Lie bracket, and differential K is expressed
K(vw) +K(v)w + (−1)kvK(w) = ~[v, w].
So, if γi and γj are both K-closed, then ~[γi, γj ] = K(γiγj) is K-exact, but [γi, γj ]
may not be K-exact in V [[~]]—the simple trick that proves that (V,∆, [ , ]) and
(V,Q +∆, [ , ]) are smooth formal does not apply in L~. But there are even more
fundamental obstructions to the smooth formality of L~. The initial condition of
beginning with a basis {γ
(0)
i } of representatives for the classical homology H =
H(V,Q) provides an infinitesimal solution Γ
(0)
1 :=
∑
i γ
(0)
i t
i to the master equation
modulo titj and modulo ~. To build the solution Γ term by term, picture the terms
arranged as in Figure 1 in the first quadrant with the x-axis labelled by the powers
of ~ and the y-axis labelled by the powers of t. The infinitesimal solution Γ
(0)
1
resides at the (1, 1) position. In order to extend Γ
(0)
1 to the right—the positions
circled in the picture—by adding terms with higher powers of ~ so that the result
Γ
(0)
1 + Γ
(1)
1 + · · ·+ Γ
(r)
1 =
∑
i
(
γ
(0)
i + γ
(1)
i ~+ · · ·+ γ
(r)
i ~
r
)
ti,
is a solution to the quantum master equation modulo titj and modulo ~r+1 it
must be that K
(
Γ
(0)
1 + Γ
(1)
1 + · · ·+ Γ
(r)
1
)
= 0 modulo ~r+1 which means that
−∆
(
γ
(j)
i
)
= Q
(
γ
(j+1)
i
)
for j = 0, . . . , r − 1.
2.1. The ~ filtration and associated spectral sequence. Forget for a moment
the associative and the Lie products, and consider the complex (V [[~]],K). It is
decreasingly filtered by powers of ~:
V [[~]] = F 0 ⊃ F 1 ⊃ F 2 ⊃ · · · where F p := ~pV [[~]]
Let (Epr , dr) be the associated spectral sequence. Note that k[[~]] acts on the
spectral sequence in a simple way
~Epr = E
p+1
r
so the entire spectral sequence is determined by E0r . The differential K = Q+ ~∆
acts on E00 = F
0/F 1 by Q and so E01 is precisely the classical cohomology H =
H(V,Q). A classical class in E01 survives to E
0
∞ provided it can be extended to
give a quantum class; i.e., provided there exists a representative γ(0) of the classical
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Figure 1. The array of obstructions
· · ·
{
γ
(0)
i
}
ti
titj
titjtk
~
0
~
1
~
2
cohomology class and elements γ(r) ∈ V so that K(γ(0)+ ~γ(1)+ ~2γ(2)+ · · · ) = 0.
The spectral sequence degenerates at the E1 term if and only if there is a basis{
γ
(0)
i
}
of H(V,Q) and elements γ
(j)
i ∈ V so that
K
(
γ
(0)
i + ~γ
(1)
i + ~
2γ
(2)
i + · · ·
)
= 0.
The degeneration of this spectral sequence was conjectured by Kontsevich and
Soibelman [4] to hold for the Hochschild complex of a Calabi-Yau category and
was proved to hold in cases by Kaledin [2]. We shall refer to the degeneration of
(Epr , dr) at the E1 term simply as the degeneration of the spectral sequence.
Now, returning to the master equation and the array of obstructions in Figure 1,
we see that the degeneration of the spectral sequence is equivalent to the vanishing
of the first row of obstructions, the ones circled in Figure 1. So, the degeneration
of the spectral sequence is necessary for the smooth formality of L~. The next
theorem, and the main result of the paper, asserts that it is also sufficient.
Theorem 2. L~ is smooth formal as a quantum dgLa if and only if the spectral
sequence associated to the filtration F p = ~pV [[~]] of the complex (V [[~]],K) degen-
erates at the E1 term.
Proof. The map V [[~]] → V defined by setting ~ = 0 is a chain map, denote it
by α. The degeneration of the spectral sequence means that there exists a chain
complex splitting, denote it by β:
(V [[~]],K)
α
// (V,Q)
β
vv
// 0
We use the maps α and β to construct a solution
Γ =
∑
γit
i + γijt
itj + γijkt
itjtk + · · ·
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to the quantum master equation. We work with all powers of ~ at once, and the
terms
Γk :=
∑
γi1i2···ik t
i1ti2 · · · tik
will be defined inductively so that Γ1 + · · ·+ Γk is a solution to the equation
KΓ +
1
2
[Γ,Γ] = 0 mod ti1 · · · tik+1 .
The first step is to let
{
γ
(0)
i
}
be a basis of representatives for H = H(V,Q) and
define
Γ1 =
∑
i
β
(
γ
(0)
i
)
ti.
Note that Kβγ
(0)
i = βQγ
(0)
i = 0 so Γ1 is a solution to the master equation modulo
titj .
We perform the second step explicitly. Being able to extend Γ1 to Γ1 + Γ2 so
that the result is a solution to the master equation modulo titjtk is equivalent to
− 12 [Γ1,Γ1] beingK-exact. Note that ~[Γ1,Γ1] isK-exact sinceK(Γ
2
1) = K(Γ1Γ1) =
~[Γ1,Γ1]. We make a correction by subtracting a K-closed term from Γ
2
1 so that
the difference is divisible by ~. Note
KβαΓ21 = βQαΓ
2
1 = βαKΓ
2
1 = βα~[Γ1,Γ1] = 0(6)
and
α(Γ21 − βαΓ
2
1) = αΓ
2
1 − αβαΓ
2
1 = αΓ
2
1 − αΓ
2
1 = 0.(7)
Equation (6) shows that βαΓ21 is K-closed and Equation (7) shows that the dif-
ference Γ21 − βαΓ
2
1 is divisible by ~. Therefore, K
(
1
~
(
Γ21 − βαΓ
2
1
))
= [Γ1,Γ1] and
setting
Γ2 := −
1
2~
(
Γ21 − βαΓ
2
1
)
gives
K(Γ1 + Γ2) +
1
2
[Γ1 + Γ2,Γ1 + Γ2] = 0 mod t
itjtk.
For the general inductive step, observe that the reasoning used in Equations (6)
and (7) applies generally and yields (8) and (9):
Ky ∈ ~V [[~]]⇒ Kβαy = 0(8)
and
y ∈ V [[~]]⇒ (1 − βα)y ∈ ~V [[~]].(9)
Now suppose that Γ1, . . . ,Γn−1 have been defined so that Γ1+ · · ·+Γn−1 satisfies
K(Γ1 + · · ·+ Γn−1) +
1
2
[Γ1 + · · ·+ Γn−1,Γ1 + · · ·+ Γn−1] = 0 mod t
i1 · · · tin .
Let
x = ordn
(
K(Γ1 + · · ·+ Γn−1) +
1
2
[Γ1 + · · ·+ Γn−1,Γ1 + · · ·+ Γn−1]
)
= ordn
(
1
2
[Γ1 + · · ·+ Γn−1,Γ1 + · · ·+ Γn−1]
)
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where ordn means the term of order n in the variables {t
i}. We will show that x is
K-exact. Then, for Γn ∈ V [[~]] satisfyingK(Γn) = −x, the sum Γ1+· · ·+Γn−1+Γn
satisfies the master equation modulo ti1 · · · tin+1 as needed.
Following the steps in the calculation in Lemma 1 and keeping track of the 1
~
shows that for any any degree zero γ ∈ V [[~]][ti],
e−
γ
~ ~K
(
e
γ
~
)
= K(γ) +
1
2
[γ, γ].
In particular, we can rewrite x = ordn
(
e−
Γ1+···+Γn−1
~ ~K
(
e
Γ1+···+Γn−1
~
))
. Multi-
plying by
e
Γ1+···+Γn−1
~ = 1 + (Γ1 + · · ·+ Γn−1) + · · ·
only affects terms of order n+ 1 and higher, hence
(10) x = ordn
(
~K
(
e
Γ1+···+Γn−1
~
))
.
This doesn’t show that x is K-exact since
(
e
Γ1+···+Γn−1
~
)
has negative powers of ~.
But multiplying Equation (10) by ~n−1 shows that ~n−1x is K-exact since
~
n−1x = Ky where y = ordn
(
~
ne
Γ1+···+Γn−1
~
)
and y has no negative powers of ~. Then the implications in (8) and (9) show that
K(βαy) = 0 and (1 − βα)y is divisible by ~. Therefore,
yn−1 :=
1
~
(1− βα) y
satisfies K(yn−1) = ~
n−2x. Iterating, we find for k = 1, . . . , n− 1
yn−k :=
(
1− βα
~
)k
y
satisfies K(yn−k) = ~
n−k−1x. The outcome is a term y1, with no negative powers
of ~, satisfying K(y1) = x as needed.

3. Examples
3.1. Differential BV algebras satisfying the Q-∆ Lemma. In [1, 5] it is
proved that if (V,Q,∆) is a differential BV algebra that satisfies the Q-∆ ver-
sion of the ∂-∂¯ lemma, then the classical dgLa (V,Q, [ , ]) is smooth formal. Recall
a complex with two differentials Q and ∆ is said to satisfy the Q-∆ lemma provided
(11) im(Q∆) = im(∆Q) = im(Q) ∩ ker(∆) = im(∆) ∩ ker(∆).
One consequence of the Q − ∆ lemma is that every Q cohomology class has a
representative that is ∆ closed, hence K closed in V [[~]]. No “~ corrections” are
necessary. This gives a splitting β : V → V [[~]] (of a type stronger than neces-
sary) and consequently, the spectral sequence degenerates. Therefore, we have the
following consequence of Theorem 2.
Corollary 1. If (V,Q,∆) is a differential BV algebra satisfying the Q-∆ lemma,
then L~ is smooth formal over k[[~]], hence L is smooth formal.
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3.2. A polynomial algebra example that doesn’t satisfy the Q-∆ Lemma.
Singularity theory and Landau-Ginzberg models provides many examples of dBV
algebras that do not satisfy a Q-∆ lemma, but do give rise to quantum dgLa’s that
are smooth formal. Here is a simple example.
Let U = U−1 ⊕ U0 be a two dimensional vector space with basis {η, x}. We
define a BV algebra (V,∆) as follows: V = SU is the free commutative associative
algebra on U and
∆ =
∂2
∂x∂η
.
The bracket defined by ∆ is seen to be the one on V given on the generators by
[x, x] = [η, η] = 0 and [x, η] = −[η, x] = 1
and extended to V as a derivation of the associative product in each coordinate.
For analogy, U is a graded symplectic vector space and V = SU is like the Poisson
algebra of (polynomial) functions on U . Let S(0) = x3 and note that it satisfies
[S(0), S(0)] = 0 and ∆(S(0)) = 0 hence defines a solution to the quantum master
equation. We have the differential Q given by Q(a) = [S, a]. We have defined
a differential BV algebra (V,Q,∆) and have the two dgLa’s L = (V,Q, [ , ]) and
L~ = (V [[~]],K, [ , ]). Explicitly,
L = L−1 ⊕ L0 where L−1 = k[x]η and L0 = k[x],
Q(f + gη) = 3x2g for f, g ∈ k[x],
∆(f + gη) =
∂g
∂x
for f, g ∈ k[x],
K(f + gη) = 3x2g + ~
∂g
∂x
for f, g ∈ k[[~]][x].
Note that the Q-∆ lemma does not hold here:
0 = imQ∆ = im∆Q 6= ker∆ ∩ imQ = k[x]⊕ kη ∩ 3x2k[x] = 3x2k[x].
However, we have Q(f + gη) = 0 ⇒ g = 0 ⇒ K(f + gη) = 0. Thus, one can take
β : V → V [[~]] defined by an inclusion of Q closed elements into V [[~]], and hence,
by Theorem 2, L~ is smooth formal.
3.3. Physical considerations. Differential BV algebras frequently appear in phys-
ical situations from the quantization of a classical action. In an odd graded Lie
algebra, one has the classical master equation
[
S(0), S(0)
]
= 0 and a degree zero
element S(0) satisfying [S(0), S(0)] = 0 is called a classical action. The operator
Q : V i → V i+1 defined by
Q(v) = [S(0), v]
satisfies Q2 = 0 and is a derivation of the Lie bracket. A degree zero element
O(0) ∈ V is called a classical observable if
[S(0), O(0)] = 0⇔ Q
(
O(0)
)
= 0.
The superscript (0) in S(0) and O(0) is not meant to indicate degree, it is to empha-
size that there are no “~’s” which may appear in quantum actions and quantum
observables.
If (V,∆) is a BV algebra, then one has the quantum master equation
(12) ∆
(
e
S
~
)
= 0
SMOOTHNESS THEOREM FOR DIFFERENTIAL BV ALGEBRAS 9
and a degree zero solution S = S(0) + S(1)~ + S(2)~2 + · · · ∈ V [[~]] is called a
quantum action. The quantum master equation is equivalent to
~∆(S) +
1
2
[S, S] = 0
which unpacks in powers of ~ as the sequence of equations
[S(0), S(0)] = 0
∆
(
S(0)
)
+ [S(0), S(1)] = 0
∆
(
S(1)
)
+
1
2
[S(1), S(1)] = 0
...
So the S(0) term of a quantum action is a classical action. The classical action
S(0) is itself a quantum action with no additional ~ terms provided it satisfies the
additional condition ∆
(
S(0)
)
= 0. The condition ∆
(
S(0)
)
= 0 also implies that
∆Q+Q∆ = 0 and it follows that (V,Q,∆) is a differential BV algebra.
Assume that S(0) is a classical action that is also a quantum action so that the
triple (V,Q,∆) is a differential BV algebra. An element O = O(0)+~O(1)+~2O(2)+
· · · ∈ V [[~]] called a quantum observable if and only if
∆
(
Oe
1
~
S(0)
)
= 0⇔ K(O) = 0.
The quantum master equation ∆
(
e
S
~
)
= 0 for S = S(0) + Γ, Γ ∈ V [[~]] becomes
K(Γ) +
1
2
[Γ,Γ] = 0
which is the master equation in the associated quantum dgLa L~. In this physical
language, we may summarize our main theorem as: If every classical observable
can be extended to a quantum observable then there exists a versal quantum action,
and conversely.
The significance of having a versal quantum action is that the essential physical
information contained in quantum correlation functions can be extracted from this
versal action as a weak-Frobenius manifold [3] on the space of classical observables.
See [1] for the case of Lie polyvector fields on a Calabi-Yau manifold and [5] for the
case of an abstract dBV algebra satisfying a Q-∆ lemma property. We will discuss
this physical application and the weak-Frobenius structure arising from the smooth
formality of L~ in another paper.
4. Concluding remarks
Theorem 2 and its proof can be adapted to the more general context of quan-
tum backgrounds [6]. Quantum backgrounds provide a kind of generalization of
differential BV algebras where the initial data involves an arbitrary solution to the
quantum master equation—rather than one which has no ~’s—and where the op-
erator ∆ may involve components that are locally polydifferential operators of all
orders—rather than being constrained to at-most second order as in dBV algebras.
In the language of quantum backgrounds, the result can be stated: A quantum
background is smooth formal if and only if every classical observable can be ex-
tended to a quantum observable, and conversely. The very same ideas in the proof
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of Theorem 2 for dBV algebras extend to quantum backgrounds. Indeed the proof
originated in the author’s mind in the quantum background setting. This paper
was written about the restricted differential BV algebra case just to make it more
accessible and simpler to read.
As a final remark, note that the splitting β in the proof of Theorem 2 gives rise by
an automated procedure to a versal solution to the quantum master equation, the
outcome of which may be viewed as a homotopy class of L∞ maps H → L~ whereH
has the zero L∞ structure. By setting ~ = 0 one obtains a formality map H → L,
but within a special class—not all formality maps H → L can originate from a
map β : V → V [[~]]. There is a relationship between those distinguished formality
maps that do arise from our splitting β and the so-called “special coordinates” in
string theory in which the quantum correlation functions are equal to the classical
correlation functions. We will explore this relationship, as well as the dependence
of Γ on the splitting β later.
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